A phase-field model for dealing with the elastic bending energies is studied in the context of dynamic instabilities in membranes. We use it to study curvature-driven pearling instability in vesicles induced by the anchorage of amphophilic polymers on the membrane. Within this model, we obtain the morphological changes reported in the experimental literature. The formation of a homogeneous pearled structure is achieved by consequent pearling of an initial cylindrical tube from the tip. For high enough concentration of anchors, we show theoretically that the homogeneous pearled shape is energetically less favorable than an inhomogeneous one, with a large sphere connected to an array of smaller spheres.
Introduction
Intracellular transport in eukaryotic cells is an essential process in cell biology [1] . Deformations of different intracellular membranes, as those from the Golgi apparatus or the endoplasmic reticulum, lead to budding of transport vesicles, which may eventually undergo fission by the action of membrane proteins [2] [3] [4] . A membrane shape instability is, in some cases, the onset of those processes. Our work is thus motivated by these facts, aiming to give a simple physical interpretation of these morphodynamic effects in the cell interior.
Dynamic instabilities in lipid vesicles and membranes have been widely studied experimentally. Tension-driven pearling induced by laser tweezers [5] , bilayer asymmetry [6] , polymer anchorage [7] , or osmotic perturbations [8] has been reported, as well as budding and turbulation induced by polymer anchorage [9] .
A simple experimental model for membranes consists of a single component lipid bilayer and an amphophilic polymer mimicking the shaping effect of anchored membrane proteins [7, 9] . When a certain amount of amphophilic polymer is introduced in the vicinity outside a lipid vesicle, its morphology changes destabilizing the equilibrium vesicle shape [7, 9] . These experiments show that there is a coupling between polymer concentration on the membrane and local curvature. The polymer hydrophobic backbones anchor to the outer leaflet of the bilayer in order to minimize their hydrophobic interaction, acting thus as a wedge changing locally the curvature of the bilayer.
Theoretical works on tubular vesicle morphologies have been reported in the literature. Some of them have restricted themselves to find stationary shapes [10, 11] . A hydrodynamical explanation for the pearling instability occurring when a sudden tension is induced in the membrane by laser tweezers was given in Refs. [12, 13] . Some equilibrium models have dealt with shape instabilities due to the presence of anchoring molecules on the membrane [7, 14] . Besides, phase-field-like models for dealing with bending energy in membranes have also been reported [15] [16] [17] [18] . Our dynamic model has been proposed to deal with these problems [17, 19, 20] .
In this seminar, we presented a general method for dealing with morphological instabilities in membranes [20] . In particular, we studied the pearling instability induced by the anchorage of amphophilic polymers on a lipid vesicle, in order to find and characterize the shape instabilities observed experimentally [7] . We also showed, motivated by our simulations, that the inhomogeneity in the pearl size which appears at high concentration of anchors on the membrane can be explained by energy considerations, consistently with the picture presented in [7] .
Summary of Results
A lipid vesicle subject to an effect which causes an asymmetry between the two leaflets of the bilayer vesicle is elastically described by the Canham-Helfrich Hamiltonian (for a review, cfr. [21, 22] ),
where κ is the bending modulus, H is the mean curvature, and Γ is the vesicle surface. The spontaneous curvature, C 0 , introduces an asymmetry between the two layers of the bilayer.
Here we consider the situation of global application of the polymer. In this case, we assume that the polymer concentration reaches a homogeneous stationary profile along the membrane almost immediately, and therefore induces an homogeneous 2 PAMM header will be provided by the publisher spontaneous curvature all along the membrane. The dynamic evolution is thus fully understood from the shape dynamics, so there is no need for a dynamic equation for the density field [20] .
Tsafrir et al. [7] studied the pearling instability in tubes whose length is much larger than their diameter. Within our model, we can find the shape of the tube at the onset of the instability (see Fig. 1 ). The experimental and predicted shapes are in good qualitative and quantitative agreement with each other. For instance, we can measure the ratio between the radius of the first pearl and the radius of the neck connecting it with the tube, and see that it gives a value of about 3 in both the experiment and the simulation. We can thus assert that there is no need for an inhomogeneous polymer concentration on the membrane in order to start the instability, but it can just be triggered by the global change of the preferred curvature.
(a) Experimental Result (from Ref. [7] ) (b) Phase-Field Simulation Fig. 1 Onset of the pearling instability. Comparison of the experimental result from Ref. [7] (a), and the phase-field simulation [20] (b). It is important to note that in the simulation there is no fitting parameter, but we just let the system evolve from an initial tubular shape, under a relatively low homogeneous induced spontaneous curvature, C0 = 0.48, below the pearling instability limit.
Besides, we also showed results for the dynamics of tubes for both low and high polymer concentrations. In this last situation, one see the formation of a gradient in the size of pearls. These fact, which was experimentally seen by Tsafrir et al. [7] is reproduced in our phase-field simulations and understood theoretically by means of energy considerations.
